# 2 (ker 0 # ) s= ker(G A J V^J V ) .
The extension of (1) to a long exact sequence is also clear from the topological approach taken in [2, 3] 
(see Remark 1 below and also [1]).
One purpose of giving an algebraic derivation of (1) is to find similar results in other contexts. This will be done for Lie algebras in a sequel. 
' m A n = 1 whenever m = n.
where by definition The exterior product M /\N can also be defined by its universal property: given a group H and a function h:MxN-*H, we say that h is an exterior pairing if for all m, m' eM, n,n' eN,
ft(m, n) = 1 whenever m=n;
the function M x N^>M A N, (m, n)>->m AH is the universal exterior pairing from MxN.
It is perhaps helpful to note that the function M x N-+MHN, (m, n)<-+[m, n] = mnm~ln~l is an example of an exterior pairing.
We shall now give some results on the exterior product. Suppose that AT is a normal subgroup of G which is contained in the intersection Proof. The proof is a routine verification of the universal property of the exterior product which we leave to the reader. • Any group G can be considered as a normal subgroup of itself, and so the exterior product G A G can always be constructed. It is a simple matter to check that G A G is  isomorphic to the group (G, G) ] imply the injectivity of the homomorphisms t A 1 and i A L. For a l l / e F , r,r',r" eR, the following identity (in both FAR and F A F) is immediately derivable from proposition 4.1(d) of [2] :
It follows from this identity that the inclusions u l , I A I are normal.
•
We shall use the inclusions of Corollary 3 to regard R A R as a subgroup of F A R and of F A F. PROPOSITION 
// R^>F->G is a free presentation of the group G, then there is a short exact sequence of groups l-» [R, R]^F
r'(f A r)~\f A r)" 1 = r' A [/, r],(10)
NON-ABELIAN EXTERIOR PRODUCTS OF GROUPS

THEOREM 5. There is an isomorphism H 2 (G) = n 3 {G A G).
Proof. It follows from Propositions 1 and 2 that G A G is isomorphic to [F, F]/[F, R].
The theorem now follows from the Hopf formula
= Rn[F,F)/[F,R].
• Theorem 5 is given in [2] and, modulo a few formal differences, in [11] . Our proof is a slight modification of the one given in [11] . The following result is obtained in [2] by topological methods. THEOREM 
There is an isomorphism H 3 (G) = JZ 3 (F A R).
Proof. 
in which the rows are exact and the vertical maps are isomorphisms. 
Part of the Mayer-Vietoris sequence associated to the push-out is thus the exact sequence:
The first six terms of (12) (starting from the right) are derived algebraically in [4] . Note that on taking M = G the above sequence (1) is retrieved.
2. By omitting relation (7) in the above definition of the exterior product M A N, we obtain the notion of a non-abelian tensor product M®N (this notion is related to a notion of [10] and described more generally in [2] ). Since Ji 3 (M A N) is a quotient of the kernel of the "commutator map" d.Mx N^> M (1JV, it is clear from Theorem 7 that a short exact sequence of groups gives rise to a six term exact sequence in homology >0.
If N is central in G, then kei(G <S> N-^N) is isomorphic to the usual tensor product G ab <g> N of abelian groups. The term G ab <8> N is often referred to as the "Ganea term" [6, 10] .
3. In [4] the construction of a non-abelian exterior product of Lie algebras is given, and used to obtain the first six terms of the Lie algebra analogue of the exact sequence (12).
